It is shown that a 4-recollement of derived categories of CM-finite algebras induces a 2-recollement of the corresponding Cohen-Macaulay Auslander algebras, which generalises the main theorem of Pan [S. Y. Pan, Derived equivalences for Cohen-Macaulay Auslander algebras, J. Pure Appl. Algebra 216 (2012), 355-363]. Moreover, both Auslander-Reiten conjecture and Gorenstein projective conjecture are shown invariant under 3 (or 4)-recollement of unbounded derived categories of algebras.
Introduction
Recollements of triangulated categories, introduced by Beilinson et al. [5] , are widely used in algebraic geometry and representation theory. A recollement of triangulated categories describes one category as being "glued together" from two others, where these three categories were related by sixes adjoint functors. In particular, a recollement is called an n-recollement if there are more than sixes functors [24] , and the collections of adjacent recollements are called ladders [6, 1] . n-recollements of unbounded derived categories of algebras unify the recollements of different kinds of bounded derived categories: a recollement of D − (mod) is a 2-recollement of D(Mod), a recollement of K b (proj) is a 3-recollement of D(Mod), and a recollement of there exists a 4-recollement but not a 5-recollement, or, any 4-recollement can always be extended to a ∞-recollement. At the end of this paper, we obtain a 4-recollement but not a 5-recollement, which may be useful in the further development of ladders and n-recollements.
The paper is organized as follows: Section 2 recalls some relevant definitions and conventions. Section 3 and section 4 are the proof of Theorem A and Theorem B respectively. The last section are two examples, one is a 4-recollement but not a 5-recollement, and the other is reducing Auslander-Reiten conjecture by recollement.
Notations and definitions
Let A be an Artin algebra. Denote by ModA the category of right A-modules, and by ProjA (resp. modA and projA) its full subcategory consisting of all projective modules (resp. finitely generated modules and finitely generated projective modules). For * ∈ {nothing, −, +, b}, denote by D * (ModA) (resp. D * (modA)) the derived category of cochain complexes of objects in ModA (resp. modA) satisfying the corresponding boundedness condition. Let K b (projA) be the homotopy category of bounded complexes of objects in projA. We often view it as a full subcategory of D(ModA) and identify it with its essential image. Up to isomorphism, the objects in K b (projA) are precisely all the compact objects in D(ModA). Usually, we just write DA instead of D(ModA).
From [10] , the singularity category D sg (A) of A is defined to be the Verdier quotient D b (modA)/K b (projA).
A complete A-projective resolution is an exact sequence of projective Amodules
Denote by GprojA the full subcategory of modA consisting of all Gorensteinprojective modules, and K b (GprojA) the homotopy category of bounded complexes of objects in GprojA. By Buchweitz's Theorem, GprojA is a Frobenius category with the projective modules as the projective-injective objects, so the stable category GprojA is a triangulated category. An Artin algebra A is CM-free if GprojA = projA, and it is finite Cohen-Macaulay type (or CM-finite) if there are only finitely many indecomposable objects in GprojA, up to isomorphism [7, Example 8.4 (2) ]. In the latter case, let M be an additive generator of GprojA, that is, add(M) = GprojA. Then Γ A := End A (M) = Hom A (M, M) is called the Cohen-Macaulay Auslander algebra of A [7, 8] . [5] ) Let T 1 , T and T 2 be triangulated categories. A recollement of T relative to T 1 and T 2 is given by
and (j * , j * ) are adjoint pairs of triangle functors; (R2) i * , j ! and j * are full embeddings; (R3) j ! i * = 0 (and thus also i ! j * = 0 and i * j ! = 0); (R4) for each X ∈ T , there are triangles
where the arrows to and from X are the counits and the units of the adjoint pairs respectively.
An upper (resp. lower) recollement of T relative to T 1 and T 2 is the upper (resp. lower) two rows of (R) such that i * , i * , j ! and j ! satisfy the above conditions [6, 16, 23] . The upper (resp. lower) recollement are also called left (resp. right) recollement in some literature. Definition 2. Let T 1 , T and T 2 be triangulated categories, and n a positive integer. An n-recollement of T relative to T 1 and T 2 is given by n + 2 layers of triangle functors
such that every consecutive three layers form a recollement, and denoted by (T 1 , T , T 2 , i 1 , i 2 , · · · , i n+2 , j 1 , j 2 , · · · , j n+2 ). This definition is taken from ladder [6, 1] with a minor modification.
Recollements and Cohen-Macaulay Auslander algebras
In this section, we show that a 4-recollement of unbounded derived categories of algebras induces a lower recollement of Gproj-level, and then, we prove Theorem A. Let's begin with some definition in [13] .
Suppose that A and B are Artin algebras. Following [13] , a triangle functor F :
is said to be nonnegative if F satisfies the following conditions: (1) F (X) is isomorphic to a complex with zero homology in all negative degrees, for all X ∈ modA. (2) F (A) is isomorphic to a complex in K b (projB) with zero terms in all negative degrees. According to [13] , a nonnegative triangle functor F : D b (modA) → D b (modB) induces a stable functor F : modA → modB. Indeed, for any X ∈ modA, assume F (X) has a projective resolution of the form
Then F (X) is defined to be the cokernel of d −1 .
Lemma 1. Let F : DA → DB be a triangle functor which has a left adjoint L : DB → DA. If L and F restrict to K b (proj), then F restrict to D b (mod), and F [−n] is nonnegative for some positive integer n.
Similarly, there is a positive integer s such that F (A) is quasi-isomorphic to a complex P • in K b (projB) with P i = 0, for any i < −s. Take n = max{r, s}, and then L[n](B) is isomorphic to a complex in K b (projA) with zero terms in all positive degrees, and F [−n](A) is isomorphic to a complex in K b (projB) with zero terms in all negative degrees. Moreover, for any X ∈ modA,
Proposition 1. Let A, B and C be Artin R-algebras, and
Then there are two induced lower recollements
Proof. According to [1, Lemma 2.9], the functors i * , i ! , i ? , j * , j * , j ? restrict to both K b (proj) and D b (mod), i * and j ! restrict to K b (proj). Due to Lemma 1, we may assume both i * and j * are nonnegative. Then it follows from [13, Theorem 5.3] that i * (resp. j * ) sends modules in GprojB (resp. GprojC) to In the following, we denote by X •⊥ the full subcategory of DA consisting of all objects Y • ∈ DA such that Hom DA (X • , Y • [n]) = 0, for all n ∈ Z. The following proposition is essentially due to König [16] . 
Proof. Assume there are objects T • and U • with the desired properties. From 
Then there is a 2-recollement
where Γ B and Γ C are the corresponding Cohen-Macaulay Auslander algebras of B and C, H = End A (A ⊕ i * X ⊕ j * Y ), and X (resp. Y ) is the direct sum of all the indecomposable non-projective objects in GprojB (resp. GprojC).
Proof. Without loss of generality, we may assume both i * and j * are nonnegative, and then i * B(resp. j * C) is quasi-isomorphic to a projective complex P • (resp. Q • ) of the following form:
Moreover, i * X(resp. j * Y ) is quasi-isomorphic to a complex P • X (resp. Q • Y ) of the following form:
Then the functor Hom A (N, −) gives an equivalence addN ∼ = projH, and it induces an equiva-
Now we claim the H-module complexes T • and U • satisfy all conditions in Proposition 2.
Step 1 Due to the equivalence K b (addN) ∼ = K b (projH), we have
and by [14, Lemma 2.2], we have End
Similarly, we have
Step 2 Only need to show Hom
) ∼ = 0, for any i = 0, and this is exactly the same as [20, Lemma 3.7], so we skip the proof.
Step 3 Only need to show 
Step 4 From the triangle i * i ! A → A → j * j * A →, we have that add(P • ⊕ Q • ) generates K b (projA) as a triangulated category. Then, by the triangles
we get that both X and Y are in the triangulated subcategory generated by add(P
as a triangulated category. Applying the functor Hom A (N, −), we get that add(T • ⊕ U • ) generates K b (projH) as a triangulated category, and thus, T •⊥ U •⊥ = {0}.
Applying Theorem 1 to derived equivalence, we get the following corollary, which is a generalization of the main theorem in [20, 22] . Proof. Note that any derived equivalent can be viewed as a 4-recollement whose right term is zero. So, by Theorem 1, we get an equivalence DH ∼ = DΓ B , where H = End A (A⊕i * X), and X is the direct sum of all the indecomposable non-projective objects in GprojB. By Proposition 1, the functor i * induces an equivalence GprojB ∼ = GprojA, and thus, add(A⊕i * X) = GprojA and hence the proof is complete.
Recollements and homological conjectures
The following conjecture, proposed by Auslander and Reiten [4] , plays an important role in the understanding of the famous Nakayama conjecture.
Auslander-Reiten conjecture. A finitely generated module M over an Artin algebra A is projective if Ext i A (M, M ⊕ A) = 0, for any i ≥ 1. The Auslander-Reiten Conjecture is proved for several classes of algebras, such as algebras of finite representation type [4] and symmetric algebras with radical cube zero [12] . However, it remains open in general. As a special case of Auslander-Reiten conjecture, Luo and Huang [18] proposed the following:
Gorenstein projective conjecture. A finitely generated Gorenstein projective module M over an Artin algebra A is projective if Ext i A (M, M) = 0, for any i ≥ 1.
The Auslander-Reiten conjecture and Gorenstein projective conjecture coincide when A is a Gorenstein algebra, but it seems not true in general. Moreover, the Gorenstein projective conjecture is proved for CM-finite algebras [29] . For more development of this conjecture we refer to [17] .
In this section, we will investigate the invariance of Gorenstein projective conjecture and Auslander-Reiten conjecture along recollement of derived categories.
For an Artin algebra A, set ⊥ A := {M ∈ modA|Ext i (M, A) = 0, ∀i > 0}, and denote ⊥ A the stable category of ⊥ A modulo finitely generated projective A-modules. According to [9, Theorem 2.12], ⊥ A is a left triangulated category with the standard left triangulated structure. and
Here, the canonical embedding GprojA ֒→ D sg (A) is clear, and the fully faithfulness of ⊥ A ֒→ D sg (A) can be proved using the same argument as [25, Theorem 2.1]. According to [1, Lemma 2.9] , the functors i * , i ! , j * and j * restrict to both K b (proj) and D b (mod). Then, it follows from [19, Lemma 2.3 ] that (D sg (B), D sg (A), D sg (C), i * , i ! , j * , j * ) is a lower recollement. Therefore, the functor i * : D sg (B) → D sg (A) is fully faithful. Now the proof is finished, just using the above communicative diagrams. Proof. Assume A satisfy the Gorenstein projective conjecture. Applying shift functors, we may assume the functor i * in the 3-recollement is nonnegative, as in Lemma 2. Then the functor i * : GprojB → GprojA is fully faithful. Let X ∈ GprojB with Ext i B (X, X) = 0, for any i > 0. Then Ext i A (i * X, i * X) ∼ = Hom A (Ω i A i * X, i * X) = Hom GprojA (Ω i A i * X, i * X), where the first isomorphism is proved in [29, Lemma 3.3] . On the other hand, it follows from [13, Corollary 4.12] that Ω i A i * ∼ = i * Ω i B . There, the above Hom-space is isomorphic to
As a result, we get Ext i A (i * X, i * X) ∼ = 0, for any i > 0. So, by assumption, we see that the A-module i * X is projective, and by the definition of i * , we obtain that i * X ∈ K b (projA). Therefore, X ∼ = i * i * X ∈ K b (projB), and this is equivalent to pdX < ∞. Now note that X ∈ GprojB, and thus, X is a projective B-module.
The statement on Auslander-Reiten conjecture can be proved similarly, just replacing GprojB (resp. GprojA) with ⊥ B (resp. ⊥ A). A, B and C be Artin R-algebras, and DA admit a 4recollement relative to DB and DC. If A satisfies the Gorenstein projective conjecture (resp. Auslander-Reiten conjecture), then so do B and C.
Corollary 2. Let
Proof. Let (DB, DA, DC, i 1 , i 2 , · · · , i 6 , j 1 , j 2 , · · · , j 6 ) be a 4-recollement. Then both (DB, DA, DC, i 1 , i 2 , · · · , i 5 , j 1 , j 2 , · · · , j 5 ) and (DC, DA, DB, j 2 , j 3 , · · · , j 6 , i 2 , i 3 , · · · , i 6 , ) are 3-recollements. Therefore, the statement follows from Theorem 2.
In [22] , Pan and Zhang proved that Gorenstein projective conjecture is invariant under standard derived equivalence, and they asked whether it is also true for general derived equivalence. Now we will give a positive answer by applying Theorem 2 to derived equivalence. Proof. Since there are two 3-recollements (DB, DA, 0) and (DA, DB, 0), this corollary follows from Theorem 2.
Following [3] , we denote K −,bb (projA) the full subcategory of K − (projA) consisting of complexes X • such that there is an integer n = n(X • ), in which H i (X) = 0, for i ≤ n and H i (Hom A (X • , A)) = 0, for i ≥ −n. By [3, Proposition 5.1.7], there exists an equivalence ⊥ A ∼ = K −,bb (projA)/K b (projA) of left triangulated categories. Lemma 3. The category K −,bb (projA) is the full subcategory of D b (modA) consisting of those objects X • with the following property: for any P • ∈ K b (projA), there exists an integer n such that Hom DA (X • , P • [i]) = 0, for any i > n.
Proof. Assume X • ∈ K −,bb (projA). Then there exists an integer n such that Hom DA (X • , A[i]) = 0, for any i > n. Doing induction on the length of the complex P • , we get Hom DA (X • , P • [i]) = 0, for sufficient large i. Conversely, if X • has the desired property, then we obtain X • ∈ K −,bb (projA) by taking P • = A. 
Proof. According to [1, Lemma 2.9], the functors i * , j * , i ! , j * restrict to D b (mod) and K b (proj), and the functors i ? and j ? restrict to K b (proj). By Lemma 3, the functors i * , j * , i ! and j * restrict to K −,bb (proj). Thus, by [19, Lemma 2.3] , there is a lower recollement where B = (1 − e)A(1 − e), C = eAe, e = e 1 + e 2 + e 3 . Obviously, pd C M = 1 and M B is projective. By [1, Example 3.4] , DA admits a 4-recollement relative to DC and DB.
Clearly, both B and C are representation-finite, and thus they satisfy the Auslander-Reiten conjecture. On the other hand, it is easy to see that ⊥ C = 0. By Theorem 4, the Auslander-Reiten conjecture is true for A, and so does the Gorenstein projective conjecture.
We mention that the algebra A doesn't belong to one of the classes of algebras where the Auslander-Reiten conjecture is known to hold, e.g. algebras of finite representation type and symmetric algebras with radical cube zero.
